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1. Introduction
At ﬁrst we recall the deﬁnition of the Faber–Schauder system. It is a system of functions Φ = {ϕn(x)}∞n=0, x ∈ [0,1], in
which ϕ0(x) ≡ 1, ϕ1(x) = x and for n = 2k + i; k = 0,1, . . .; i = 1,2, . . . ,2k ,
ϕn(x) = ϕ(i)k (x) =
⎧⎪⎪⎨
⎪⎪⎩
0, if x /∈ ( i−1
2k
, i
2k
),
1, if x = xn = x(i)k = 2i−12k+1 ,
is linear and continuous in [ i−1
2k
, 2i−1
2k+1 ], [ 2i−12k+1 , i2k ].
(1)
By Δn = Δ(i)k , n = 2k + i (n 2), we denote the support of the function ϕn(x) = ϕ(i)k (x). We recall that the Faber–Schauder
system is a basis for the space C[0,1] (see [1]); i.e., each function f (x) ∈ C[0,1] can be represented by a unique series
∞∑
n=0
An( f )ϕn(x), (2)
which uniformly converges to f (x) on [0,1]. Note that in (2)
A0( f ) = f (0), A1( f ) = f (1) − f (0),
An( f ) = Ak,i( f ) = f
(
2i − 1
2k+1
)
− 1
2
[
f
(
i − 1
2k
)
+ f
(
i
2k
)]
. (3)
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integer m, the sum
∑m
n=0 An( f )ϕn(x) presents a broken line on [0,1] whose vertices lie on the graph of the function f (x),
so that we have∥∥∥∥∥
m∑
n=0
An( f )ϕn(x)
∥∥∥∥∥
C

∥∥ f (x)∥∥C , m = 0,1, . . . .
Deﬁnition. A basis Ψ = {ψn}∞n=0 for a Banach space X is called unconditional if for each element f ∈ X and each rearrange-
ment of the nonnegative integers ρ = {ρ(n)}∞n=0, the series
∞∑
n=0
Aρ(n)( f )ψρ(n)
is convergent to f in the norm of X .
It is known that there is no unconditional basis for C[0,1] (see [2]). Consequently, the Faber–Schauder system is not an
unconditional basis in C[0,1]; i.e., there exists a function f ∈ C[0,1] , whose expansion in the Faber–Schauder system can be
rearranged to become divergent in C[0,1] . Moreover, in [3] a function f ∈ C[0,1] has been constructed, whose expansion in
the Faber–Schauder system can be rearranged to become divergent a.e. in [0,1].
In this article we are going to prove the following result:
Theorem 1 (Unconditional C-strong property). For each 0 <  < 1 and for each function f (x) ∈ C[0,1] one can ﬁnd a function
g(x) ∈ C[0,1] , such that mes{x, g(x) = f (x), x ∈ [0,1]} <  , and the expansion of g(x) in the Faber–Schauder system is uncondi-
tionally convergent in C[0,1] .
This theorem is equivalent to the following:
Theorem 2. For each 0 <  < 1 and for every function f (x) ∈ C[0,1] one can ﬁnd a function g(x) ∈ C[0,1] , such that mes{x, g(x) =
f (x), x ∈ [0,1]} <  , and the expansion of g(x) in the Faber–Schauder system is absolutely convergent in C[0,1] .
Note that in 1939, Men’shov [4] proved the following fundamental theorem.
Theorem (Men’shov’s C-strong property). Let f (x) be an a.e. ﬁnite measurable function on [0,2π ]. Then for each  > 0 one can
deﬁne a continuous function g(x) coinciding with f (x) on a subset E of measure |E| > 2π −  such that its Fourier series with respect
to the trigonometric system converges uniformly on [0,2π ].
In 1974 Katznelson [5] proved that in Men’shov’s theorem it is impossible to get absolute convergence. More precisely
he obtained the following:
Theorem (Katznelson). There exists a continuous real-valued function f (x) on [0,2π ], such that if g(x) is the sum of an absolutely
convergent Fourier series, then the set {x, g(x) = f (x), x ∈ [0,1]} has measure 2π .
So, Theorem 2 is not true for the trigonometric system.
Note that interesting results in this direction were obtained by many famous mathematicians (see for example [6–15]).
2. Proofs of basic lemmas
An interval Δn = Δ(i)k = ( i−12k , i2k ), n = 2k + i; k = 0,1, . . .; i = 1,2, . . . ,2k , is termed a dyadic interval.
Lemma 1. Let dyadic interval Δ = Δ(i)p = ( i−12p , i2p ) (i ∈ [1,2p]) and numbers γ = 0, N0 ∈N, 0 <  < |Δ| be given. Then there exist
a measurable set E ⊂ Δ of measure |E| > |Δ| −  and a polynomial
Q (x) =
N∑
n=N0
Anϕn(x), An · γ  0, ∀n ∈ [N0,N],
in the system (1), such that
(1) Q (x) =
{
γ , if x ∈ E,
0, if x ∈ [0,1] \ Δ,
and
(2)
m∑
|An|ϕn(x)
∣∣Q (x)∣∣ |γ |, ∀x ∈ [0,1], ∀m ∈ [N0,N].n=N0
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E = Δ \
{(
i − 1
2p
,
i − 1
2p
+ 1
2q
)
∪
(
i
2p
− 1
2q
,
i
2p
)}
,
and
g(x) =
⎧⎪⎨
⎪⎩
γ , if x ∈ E,
0, if x ∈ [0,1] \ Δ,
is linear and continuous on [ i−12p , i−12p + 12q ] and [ i2p − 12q , i2p ].
It is clear that |E| > |Δ| −  . Taking into account (3), it is not hard to see that
g(x) = γ · ϕ(i)p (x) + γ2 ·
{ q−p−1∑
k=1
ϕ
(2tk−1)
p+k (x) +
q−p−1∑
k=1
ϕ
(2hk)
p+k (x)
}
,
where t1 = h1 = i; tk+1 = 2tk − 1, hk+1 = 2hk , so that the function g(x) is a polynomial in the Faber–Schauder system, that
satisﬁes the conditions of the lemma.
Now we consider the case N0 > 2p + i. In this case some points xn , n < N0 (see (1)) belong to Δ. We denote them by
xnl , l = 1,2, . . . , L (xn1 = x(i)p = 2i−12p+1 ).
We take a natural number q > log2
L+1
 + 1 (0<  < |Δ|) and put
E = Δ \
{
L⋃
l=1
(
xnl −
1
2q
, xnl +
1
2q
)
∪
(
i − 1
2p
,
i − 1
2p
+ 1
2q
)
∪
(
i
2p
− 1
2q
,
i
2p
)}
,
and
g(x) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
γ , if x ∈ E,
0, if x ∈ ([0,1] \ Δ) ∪ {xnl }Ll=1,
is linear and continuous on [xnl − 12q , xnl ] and
[xnl , xnl + 12q ] (l ∈ [1, L]) and on [ i−12p , i−12p + 12q ], [ i2p − 12q , i2p ].
(4)
It is clear that 2q > N0, ‖g(x)‖C = |γ | and |E| > |Δ|− . Taking into account (3) we see that, in the expansion of the function
g(x) ∈ C[0,1] in the system (1), the coeﬃcients of functions {ϕn(x)} with indices n < N0 and n > 2q and the coeﬃcients of
functions {ϕn(x)} with indices N0  n  2q , whose supports are not contained in Δ are equal to 0. From (3) and (4) it
follows that the coeﬃcients of the functions ϕn(x), N0  n  2q (Δn ⊂ Δ), are equal to either γ or γ2 , according as the
function g(x) takes value 0 at both endpoints of Δn or only at one endpoint. So the function g(x) is a polynomial, in the
system (1), of the form
g(x) = Q (x) =
N∑
n=N0
Anϕn(x), An · γ  0, ∀n ∈ [N0,N],
satisfying the (1) condition of the lemma, and
max
m∈[N0,N]
m∑
n=N0
|An|ϕn(x) =
∣∣Q (x)∣∣ |γ |, ∀x ∈ [0,1].
Lemma 1 is proved. 
Lemma 2. Let dyadic intervals {Δ(ν)}2pν=1 = {Δ(ν)p }2
p
ν=1 (p  1), numbers γν = 0, ν = 1,2, . . . ,2p; 0 <  < 1; N0 ∈ N and a step
function of the form f (x) =∑2pν=1 γνχΔ˜(ν) , where Δ˜(ν) = [ ν−12p , ν2p ), ν = 1, . . . ,2p − 1, and Δ˜(2p) = [ 2p−12p ,1], be given. Then one
can ﬁnd a measurable set E ⊂ [0,1] and a polynomial Q (x), in the Faber–Schauder system, of the form
Q (x) =
M∑
n=N0
Anϕn(x),
that satisﬁes the following conditions:
(1) |E| > 1−  ,
(2) Q (x) = f (x) for all x ∈ E,
(3) maxm∈[N0,M]
∑m
n=N0 |An|ϕn(x) = |Q (x)| ‖ f (x)‖∞ =maxν∈[1,2p ]{|γν |}, ∀x ∈ [0,1],
where ‖ f (x)‖∞ = supx∈[0,1]{| f (x)|}.
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Q 1(x) =
N1−1∑
n=N0
A(1)n ϕn(x), A
(1)
n · γ1  0, ∀n ∈ [N0,N1 − 1],
satisfying the conditions:
Q 1(x) =
{
γ1, if x ∈ E1,
0, if x /∈ Δ(1),
|E1| >
∣∣Δ(1)∣∣− 
2p
,
and
max
m∈[N0,N1)
m∑
n=N0
∣∣A(1)n ∣∣ϕn(x) = ∣∣Q 1(x)∣∣ |γ1|, ∀x ∈ [0,1].
Similarly, there are a natural number N2 > N1, a measurable set E2 ⊂ Δ(2) , and a polynomial of the form
Q 2(x) =
N2−1∑
n=N1
A(2)n ϕn(x), A
(2)
n · γ2  0, ∀n ∈ [N1,N2 − 1],
such that
Q 2(x) =
{
γ2, if x ∈ E2,
0, if x /∈ Δ(2),
|E2| >
∣∣Δ(2)∣∣− 
2p
,
max
m∈[N1,N2)
m∑
n=N1
∣∣A(2)n ∣∣ϕn(x) = ∣∣Q 2(x)∣∣ |γ2|, ∀x ∈ [0,1].
Proceeding thus, inductively, one determines a set of natural numbers {Nν}2pν=1 and, for each ν ∈ [1,2p], a measurable
set Eν ⊂ Δ(ν) , and a polynomial of the form
Q ν(x) =
Nν−1∑
n=Nν−1
A(ν)n ϕn(x), A
(ν)
n · γν  0, ∀n ∈ [Nν−1,Nν − 1], (5)
satisfying the conditions:
Q ν(x) =
{
γν, if x ∈ Eν,
0, if x /∈ Δ(ν), (6)
|Eν | >
∣∣Δ(ν)∣∣− 
2p
, (7)
and
max
m∈[Nν−1,Nν )
m∑
n=Nν−1
∣∣A(ν)n ∣∣ϕn(x) = ∣∣Q ν(x)∣∣ |γν |, ∀x ∈ [0,1]. (8)
We put
E =
2p⋃
ν=1
Eν, (9)
Q (x) =
2p∑
ν=1
Q ν(x) =
2p∑
ν=1
(
Nν−1∑
n=Nν−1
A(ν)n ϕn(x)
)
=
M∑
n=N0
Anϕn(x) (10)
(see (5)).
From (7) and (9) it follows that
|E| =
2p∑
|Eν | >
2p∑∣∣Δ(ν)∣∣− 2p · 
2p
= 1− .ν=1 ν=1
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m∑
n=N0
Anϕn(x) =
ν−1∑
j=1
Q j(x) +
m∑
n=Nν−1
A(ν)n ϕn(x)
(see (10)). From this, from (6), (8), and from the fact that the intervals from {Δ(ν)}2pν=1 are pairwise-disjoint, we have
m∑
n=N0
|An|ϕn(x) =
ν−1∑
j=1
∣∣Q j(x)∣∣+ m∑
n=Nν−1
∣∣A(ν)n ∣∣ϕn(x) max
ν∈[1,2p ]
{|γν |}= ∥∥ f (x)∥∥∞, ∀x ∈ [0,1],
i.e., the third condition of Lemma 2 is satisﬁed.
Similarly, using (6), (9) and (10), we obtain
Q (x) = f (x), if x ∈ E.
Lemma 2 is proved. 
3. Proof of theorem
Let 0 <  < 1 and f (x) ∈ C[0,1] . It is not hard to see that one can ﬁnd a sequence of step functions { fn(x)}∞n=1 of the form
fn(x) =
2pn∑
ν=1
γ
(n)
ν χΔ˜(ν)pn
,
where {γ (n)ν } (ν = 1,2, . . . ,2pn ; n = 1,2, . . .) are nonvanishing rational numbers and Δ˜(ν)pn = [ ν−12pn , ν2pn ), ν = 1,2, . . . ,2pn −1,
and Δ˜(2
pn )
pn = [ 2
pn−1
2pn ,1], n ∈N, such that
lim
N→∞
∥∥∥∥∥
N∑
n=1
fn(x) − f (x)
∥∥∥∥∥∞ = 0, (11)∥∥ fn(x)∥∥∞  2−n, n 2. (12)
By virtue of Lemma 2, one may determine sequences of measurable sets {Ek}∞k=1 and polynomials
Qk(x) =
mk−1∑
n=mk−1
A(k)n ϕn(x), where 1 =m0 <m1 < · · · <mk <mk+1 < · · · , (13)
satisfying the conditions:
|Ek| > 1−  · 2−k, (14)
Qk(x) = fk(x), x ∈ Ek, (15)
max
m∈[mk−1,mk)
m∑
n=mk−1
∣∣A(k)n ∣∣ϕn(x) = ∣∣Qk(x)∣∣ ∥∥ fk(x)∥∥∞, ∀x ∈ [0,1]. (16)
We put
E =
∞⋂
k=1
Ek (17)
and An = A(k)n when n ∈ [mk−1,mk − 1]. Taking into account (14) and (17) we have |E| > 1−  .
Further, from (12) and (16) it follows that the series
∞∑
n=1
|An|ϕn(x) =
∞∑
k=1
∣∣Qk(x)∣∣= ∞∑
k=1
mk−1∑
n=mk−1
|An|ϕn(x)
converges uniformly in [0,1].
We put
∞∑
Anϕn(x) =
∞∑
Qk(x) := g(x) ∈ C[0,1].n=1 k=1
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g(x) = f (x) for all x ∈ E.
Theorem 2 is proved.
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